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Abstract 

A de-Sitter gauge theory of the gravitational field is developed us- 
ing a spherical symmetric Minkowski space-time as base manifold. The 
gravitational field is described by gauge potentials and the mathematical 
structure of the underlying space-time is not affected by physical events. 
The field equations are written and their solutions without singularities 
are obtained by imposing some constraints on the invariants of the model. 
An example of such a solution is given and its dependence on the cosmo- 
logical constant is studied. A comparison with results obtained in General 
Relativity theory is also presented. 
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1 Introduction 

The gauge theory of gravitation has been considered by many authors in order 
to describe the gravity in a similar way with other interactions (electromagnetic, 
weak or strong). As gauge groups there were chosen Poincare group 1 , de-Sitter 
group 2 , affine group 3 , etc. In this paper we use the de-Sitter (DS) group as 
gauge group in order to obtain a model with cosmological constant for the 
gravitational field. The Poincare gauge theory is obtained as a limit of DS 
model when the cosmological constant vanishes. 

In Sect.l we introduce the gauge fields (x) (tetrad fields) and w" 6 (x) (spin 
connection). They are used to construct the field strengths and and 
the invariants of the theory. Then the integral of the action is written and the 
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constraints for non-singular solutions are introduced in its expression by means 
of two Lagrange-multiplier fields ip 1 (i) and ip 1 (t). 

The field equations are obtained in Sect. 2 for a particular form of spherically 
symmetric gauge fields. They contain the cosmological constant A introduced 
into the model by using the DS group as gauge symmetry. The calculations in 
this paper, especially in Sect. 3, have been performed using an analytical pro- 
gram written by us in the package GRTcnsor 11 running on the Maple V plat- 
form. This program allows to calculate the components of the field strengths, 
the invariants of the model and also the integral of the action. In the same 
time, it enables the obtaining of the field equations for the gravitational field in 
a region without matter. 

An example of solution without singularities is presented in Sect. 3. This so- 
lution is a time-periodic one with frequency of the gravitational field depending 
on the cosmological constant. It corresponds to a negative value of the cosmo- 
logical constant (A < 0). The case with positive cosmological constant (A > 0) 
can be studied choosing the anti-de-Sitter group as gauge group. 

In Sect. 4 some concluding remarks are presented and a comparison with 
other results based on the General Relativity theory is made. 



2 Gauge theory of gravitation 

We consider a gauge theory of gravitation having de-Sitter (DS) group as local 
symmetry. Let Xa, A = I, 2,... .,10, be a basis of DS Lie algebra with the 
corresponding equations of structure given by 2 : 

[X A ,X B ] = if AB X c , (I) 

where f AB = — Jba arc tne constants of structures whose expressions will be 
given below [see Eq.(4)]. We envision space-time as a four-dimensional manifold 
M 4 ; at each point of M4 we have a copy of DS group (i.e., a fibre, in fibre- 
bundle terminology). Introduce, as usually, the gauge potentials h£ (x), A = 
1, 2, 10, (j, = 0,1, 2, 3, were (x) denotes the local coordinates on M4. Then, 
we calculate the field-strengths = F^Xa, which take values in Lie algebra 
of DS group (Lie- algebra valued). The components F^ v are given by: 

F?« = dX - d »K + JbcK^ • ( 2 ) 

In order to write the constants of structure f AB in a compact form, we use 
the following notations for the index A: 

A — f a = 0,1, 2, 

A -\ [oft] = [01], [02], [03], [12], [13], [23]. {6) 

This means that A can stand for a single index like 2 as well as for a pair of 
indices like [01], [12] etc. The infinitesimal generators Xa are interpreted as: 
X a = P a (energy-momentum operators) and X[ ab ] = M ab (angular momentum 
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operators) with the property M a b = — M ba . The constants of structures f AB 
have then the following expressions: 

■fbc = f^dl] = /[6c] [de] = °> ( 4 ) 
fb[cd] = ~f[cd]b = 2 (^fcc^d — Vbd^c) i 

/SU = J(^-a^+rff-^)-e-/, 

where A is a real parameter, and (?7 afc ) =diag(l, — 1, — 1, — 1) is the Minkowski 
metric. In fact, here we have a deformation of de-Sitter Lie algebra having A 
as parameter. Considering the contraction A — ► we obtain the Poincare Lie 
algebra, i.e., the group DS contracts to the Poincare group. 

We denote the gravitational gauge fields (or potentials), (x), by e®(x) 
(tetrad fields) if A = a, and by uj^(x) = —u b ^{x) (spin connection) if A = [ab]. 
Then, introducing the Eqs. (4) into the definition (2), we obtain the expressions 
of the strength tensor components 2 : 

F% = d,el d v el + (ufel u?e^) Vbc (5) 



F$ = W + - < C "f) V cd 4A 2 (e»e* e°e*) . (6) 

The integral of action associated to the gravitational gauge fields, quadratic in 
the components F^ u , is written in the form 2 : 

S g = J d'xe^F^F p B a Q AB , (7) 

where e^ u P a is the Levi-Civita symbol of rank four, with e 0123 = 1. This action 
is independent of any specific metric on M4; indeed, the property of general 
covariance for action imposes the volume element ^j—gd^x [with g = det(<7 M „)] 
and the tensor Levi-Civita has the form e p " v( " J j V~ <?, so that the (^-dependence 
of S g cancels. 

The quantities Qab are constants, symmetric with respect to the indices 
A, B: Qab = Qba- If we chose 4 

n j £abcd, for A = [ab] , B = [cd] , , . 

otherwise, (8) 

then we obtain the action integral of the General Relativity (GR). It is possible 
also to obtain the integral action of Teleparallel Gravity (TG) by an appropriate 
choice 5 ' 6 of Qab- 

Now, we use the form given in Eq. (8) in order to obtain solutions with- 
out singularities of DS-g&uge theory of gravitation. Namely, we impose some 
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restrictions 7 on two invariants I\ and I2 of the theory. Introducing the Lagrange- 
multiplicr cp 1 (t) and ip 2 (t), and using the choice (8), the integral of action (7) 
can be rewritten as: 

S g = J d 4 xe [F + ^ (t) fi (h) + V2 (t) h ih) + V (tp^tpt)] , (9) 

where 

F = F$etf%, e = det(e»). (10) 

and e\ is the inverse of defined by Eq. (21) below. The quantities /, (7j), 
z = l,2 are functions which must be chosen in an appropriate form in order 
to obtain solutions without singularities of the corresponding field equations. 
Thus, the potential V (<f 1 , ip 2 ) h avc to satisfy the constraint equations 7 : 

dV dV 

The model can be simplified further if we assume: 

V{<p 1 ,<p 2 ) = V 1 (<p 1 ) + V i {<p 2 ), (12) 
and chose the invariants I\ , I2 in the form 

h =F-V3(4F«FZ-F 2 ) 1/2 1 (13) 

respectively 

l2 =4F«F»-F 2 . (14) 
In these expressions, the quantities F® are defined by 

F« = F; b v r b . (15) 



As an example, we chose the functions f\ and fi in the simple form 7 : 

fi(h) = h, f2(h) = -Vh. (16) 
Then, the action S g in Eq. (9) becomes: 
1 
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d xe 



(17) 



Now, all we have to do is to write the variational field equations which follow 
from (17) and search their solutions without singularities. 
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3 Field equations 

We develop the DS gauge theory in a space-time Minkowski M4 endowed with 
spherical symmetry: 

da 2 = dt 2 - dr 2 - r 2 (d6 2 + sin 2 9dcp 2 ) (18) 

and having the coordinates (x^ 1 ) = (a; , x 1 , x 2 , x 3 ) — (t,r,0,(p). In addition, we 
choose a particular form of spherically gauge fields (a;) and oif? (x) given by 
the following ansatz: 

e° = (7V(t), 0,0,0), e\ = (0, -^JL=,0,o) , (19a) 

e 2 = (0,0,ra(t),0), e 2 = (0, 0, 0, ra (t) sin 9) , (19b) 

respectively 

u f=(o, ,0,oV c 02 - fo,0,-^$,oV (20a) 

V iV(t)Vl-A:r 2 / V N(t) 'J' y ' 



^ 3 = (o,o,o,-!^|||^), < 2 ^(o,o,v^^,o) 



(20b) 



^ 3 = (^0,0,0, \/l - /cr 2 sin6») , uf = (0, 0, 0, cos (9) (20c) 

where iV (£) and a (t) are functions only of the time variable, k is a constant, 
and a' is the derivative of a {€) with respect to the variable t. The choice (20) 
of gauge fields (a;) assures that all components of the strength tensor F® v 
vanish. If we remember the Riemann-Cartan theory of gravitation, then this 
result implies the vanishing of the torsion tensor T? v = e p a F® v , in accord with 
GR theory. Here, e^denotes the inverse of with the properties: 

ey b =S a b , e a ^ a = 5;. (21) 

From this point to the end we performed all the calculations using an an- 
alytical program conceived by us which is presented in the final part of this 
Section. 

Using the Eqs. (19) and (20), we obtain the following expressions of the 
invariants F, I\ and I2 above defined: 

aa"N - aa'N' + kN 3 + a' 2 N + 8A 2 a 2 iV 3 , . 

= - 6 #m ' (22) 

kN 2 + a' 2 + AX 2 a 2 N 2 
h = ~ 12 ^2 > (23) 
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and respectively 



; (kN 3 + a' 2 N - aa"N + aa'N'f 



h = 12 " ^ ^ 



where a" is the second derivative of a (t) with respect to the variable t. Intro- 
ducing these expressions into Eq. (17) and imposing the variational principle 
5S g = with respect to N (t), ip 1 (t) and f 2 (t), we obtain the corresponding 
field equations. We write now these equations for the particular case N (t) = 1 
which is of interest in our model: 



-2 (Vi + V 2 ) + 3H 2 (1 - 2^) + 3^ (1 + 2^) - 2A = 



(25) 



= i« E .fL, (26) 

a z 3 12 a 

n'- dH - a " a - a ' 2 (<>7\ 

a 2 2>/3<W * a 2 ' 

where <y9' 2 is the derivative of (t) with respect to t, and A = — 12A 2 is inter- 
preted as cosmological constant. 2,8 

If we consider the limit A — > 0, or equivalently A = 0, we obtain the 
results in Ref.[7]; but, for A ^ we can study in addition the dependence on 
the cosmological constant of the solutions (without singularities) obtained by 
solving the Eqs.(25)-(27). We make also the mention that the Eqs. (26) and 
(27) are identically with the constraints (11) introduced into the integral of 
action S g by means of the Lagrange- multiplier fields ip 1 (t) and tp 2 (t). 

We can also add matter to the previous model considering the integral of 
action: 

d*xeL m , (28) 



where L m is the matter density of Lagrangian. In this paper we restrict ourselves 
to the case without matter. In Section 4 we will obtain a particular solution 
with fixed cosmological constant A =const. Of course, there are possible also 
solutions with variable cosmological "constant" depending on time. The solution 
presented below is inspired from the results of Rcf. [7] and we show that our 
cosmological constant A is related with the constant H in that work and which 
is expected to be Planck scale. 

The calculations in this paper, especially in Sect. 3, were performed using 
an analytical program written by us in the package GRTensor II running on the 
Maple V platform. This program allows to calculate the components F£ v and 
of the strength tensor field F^, the expressions of the quantities F^ defined 
in Eq. (15), and the invariants F, ii, I 2 . We calculated also the integrand in 
the action S g and obtained the field Eqs. (25)-(27). 

It is important to emphasize that in our gauge model of gravitation we do 
not use a metric, but only the gauge fields (potentials) (x) and wj' (a;) of the 
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gravitational field. In program we used the notations: einv{a "mu}= for the 
inverse of e^, and de = det (e£) for the determinant of e°. The symbols for 
other quantities are introduced analogously. 

Below, we list down the part of program which allows to define and to 
calculate the quantities needed in obtaining of Eqs. (25)- (27). 

Program " DS GAUGE THEORY.MWS" 

> restart: 

> grtw( ): 

> grload(minkowski, 'd:/maple/sferice.mpl'); 

> grdef('ev{~a mu}'); grcalc(ev(up,dn)); 
>grdef('etal{(a b)}'); grcalc(etal(dn,dn)) 

> grdef('omega{[~a ~b] mu}'); grcalc(omega(up,up,dn)); 

> grdef('Famn{"a mu nu} := ev{"a nu,mu} - ev{"a mu,nu} 
+ omcga{"a ~b mu}*ev{*c nu}*etal{b c} 

- omega{~a "b nu}*ev{"c mu}*etal{b c}'); 

> grcalc(Famn(up,dn,dn)); 

>grdef('Fabmn{"a ~b mu nu} := omega{"a "b nu, mu}- 
omega{~a ~b mu, nu}+ (omega{~a ~c mu}*omega{~d "b nu} - 
omega{"a ~c nu}*omega{"d ~b mu})*etal{c d}- 
4*lambda"2*( ev{~a mu}*ev{~b nu} - cv{"b mu}*ev{"a nu})'); 

> grcalc(Rabmn(up,up,dn,dn)); 

> grdef('R:=Rabmn{~a ~b mu nu}*einv{a *mu}*einv{b 'nu}'); 

> grcalc(R); 

> grdcf('F{"a mu}:=Rabmn{*a ~b mu nu}*einv{b ~nu}'); 

> grcalc(F(up,dn)); 

> grdef('i2:=4*F{~amu}*Finv{a ~mu}-(R)~2'); grcalc(I2); 
>grdef('Il:=R-sqrt(3)*sqrt(i2)'); > grcalc(Il); 

> grdef('de'); grcalc(de); 

> grdef( ! Lg:=(R+phil(t)*Il-phi2(t)*sqrt(I2)+Vl(phil) + 
V2(phi2))*de'); grcalc(Lg); grdisplay(_); 

4 Example of solution without singularities 

The solution of Eqs. (25)-(27) includes a dependence on the cosmological 
constant A. We suppose that the Lagrange-multiplier function ip 1 (t) is ab- 
sent, and consider the case when k — 0. Then, denoting tp 2 (*) = f (*) an d 
V 2 (tp 2 ) = V {if), the Eqs. (25)-(27) become: 

= <*» 

2V3 dip' 

1 2A 

if' = -3Hip + V3H 



2V3H V3H' 
We consider the potential V {ip) of the simple form: 
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where A is the real parameter that determines the cosmological constant A. This 
parameter coincides with the constant Hq in Ref. [7] that has been interpreted 
as a Planck scale of the model. Therefore, in our example the Planck scale is 
related to the cosmological constant A. For small values of H and ip, the Eqs. 
(29) can be written as: 

H' ~ -2AV (31) 

¥>(*) - Jj ■ 

These equations have the periodic solution 

<p(t) = <p wn(ut), ff(t) = |^|[cos(wf)-l], (32) 

where <p is an integration constant and u> — 2 x 3 1 / 4 A is the frequency of 
oscillation of the corresponding gravitational field described by the gauge po- 
tentials (x) and oj^ (x). This solution has no singularities and it is valid if 
the cosmological constant is negative (A < 0). The case with positive cosmo- 
logical constant (A > 0) can be studied choosing the anti-de-Sitter group as 
gauge group. But, the deformation parameter A will be then pure imaginary. 
We emphasize that there are possible also periodic solutions if we suppose a 
time-dependent cosmological "constant". In particular, we can consider a cos- 
mological "constant" which is itself a periodic function on time. It will be also 
of interest to apply the previous method in obtaining non-singular solutions of 
the gauge theories with internal groups of symmetry. 



5 Concluding remarks 

We developed a de-Sitter gauge theory of gravitation on a spherical symmetric 
Minkowski space-time as base manifold. This theory allows a complementary 
description of the gravitational effects in which the mathematical structure of 
the underlying space-time is not affected by physical events. 9 Only the gauge 
potentials e° (x) and uj^ (x) of the gravitational field change as functions of 
coordinates. This is important when we consider a quantum gauge theory of 
gravitation. 

In order to obtain solutions without singularities, we imposed constraints on 
some invariants of the gauge model we considered. The solutions in this paper 
are time-periodic and correspond to a fixed (negative) cosmological constant A 
whose value is related to the Planck scale and that determines the frequency of 
the corresponding gravitational field. 
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